Electron spin and charge switching in a coupled quantum dot quantum ring system 
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Few-electron systems confined in a quantum dot laterally coupled to a surrounding quantum ring 
in the presence of an external magnetic field are studied by exact diagonalization. The distribution 
of electrons between the dot and the ring is influenced by the relative strength of the dot and ring 
confinement, the gate voltage and the magnetic field which induces transitions of electrons between 
the two parts of the system. These transitions are accompanied by changes in the periodicity of the 
Aharonov-Bohm oscillations of the ground-state angular momentum. The singlet-triplet splitting 
for a two electron system with one electron confined in the dot and the other in the ring exhibits 
piecewise linear dependence on the external field due to the Aharonov-Bohm effect for the ring- 
confined electron, in contrast to smooth oscillatory dependence of the exchange energy for laterally 
coupled dots in the side-by-side geometry. 



I. INTRODUCTION 

Couplingii^iMiSiSiL&iLiSiiiilSii&Ii between semicon- 
ductor quantum dots^ results in the formation of so- 
called artificial molecules. Since most of the quan- 
tum dots have flat geometry, the coupling is re- 
alized either by vertical stacking-^i^ or by fab- 
rication of dots coupled laterally on the same 
plane, 6 . 7 . 8 . 9 . 10 ! 11 . 12 . 13 ! 14 Theoretical 6 . 7 . 8 . 9 . 10 . 11 considera- 
tions and experimentaliSiiiii realizations of laterally 
coupled dots are based on the idea of dots placed side by 
side. This paper is devoted to few-electron states in an 
essentially different geometry of lateral coupling, namely, 
to a quantum dot surrounded by a quantum ringi 6 . with a 
tunnel barrier separating both parts of the system. The 
confinement potential considered in this paper can be ob- 
tained using an atomic force microscope (AFM) to locally 
oxidizei 7 - the sample surface which results in the deple- 
tion of the two-dimensional electron gas (2DEG) under- 
neath it. Alternatively one can apply split gates with a 
central cap gate surrounded by a thin collar gate on top 
of a planar nAlGaAs-GaAs heterostructure containing a 
2DEG. A proper geometry of split gates for the fabrica- 
tion of the confinement potential considered in this paper 
was applied in the studyi 8 - of effects related to electron 
localization on local fluctuations of the confinement po- 
tential in the low electron density regime. The system 
studied in the present paper would require a sufficiently 
strong confinement which is less perturbed by fluctua- 
tions. The effect of local perturbations can be largely 
diminished by optimization 19 of the size of electrodes for 
the strength of the electrostatic confinement potential. 

Phase effects appearing in electron transport through 
quantum dots were studied in the Aharonov-Bohm 
interferometer ,22*21 The potential geometry studied in 
this paper is a two-dimensional counterpart of quantum- 
dot quantum-well structures. 22,23 Impurity effect on the 
single-electron states in a three-dimensional quantum 
ring for strong in-plane confinement has been studied^ 
Related to the present work is the magnetic coupling of 



a superconducting disk surrounded by a superconducting 
ringifiii In contrast to the work of Ref. f 2 ^] in the system 
considered here the coupling between the ring and the 
dot occurs through quantum mechanical tunnelling. 

We study the effect of the magnetic field on the con- 
fined one, two and three-electron systems using an ex- 
act diagonalization approach. In quantum dots and 
rings the magnetic field induces ground-state angular mo- 
mentum transitions. However, the role of the electron- 
electron interaction for the transitions in these two struc- 
tures is different. In quantum rings the interaction is 
of secondarySiS 7 . importance for the angular momen- 
tum transitions which are mainly determined by the 
Aharonov-Bohm effect. In spinless 2 ^ 8 . few-electron sys- 
tems the ground-state angular momentum is not influ- 
enced by the Coulomb interaction and for electrons with 
spin the angular momentum of the ground state differs 
from the noninteracting case by at most h£? On the other 
hand, in quantum dots the Coulomb interaction influ- 
ences strongly the values of the magnetic field at which 
the angular momentum transitions appear. Moreover, in 
two- and three-electron systems these transitions are ab- 
sent if there is no electron-electron interaction. In this 
paper we study the hybrid magnetic-field evolution of the 
electron spectra in the dot-in-the-ring geometry. 

The magnetic-field along with the angular momentum 
transitions induces a redistribution of the electron charge 
in quantum dotsi^&S 9 . Here, we will show that in the con- 
sidered geometry the magnetic field can be used to trans- 
fer the electrons from the dot to the ring or vice versa. 
We will also address the problem of the magnetic-field- 
induced trapping of electrons in local potential cavities^ 

The spins of a pair of electrons localized in laterally 
coupled dots have been proposed 6 as a possible realiza- 
tion of coupled qubits. A universal quantum gate requires 
the possibility of application of single qubit as well as 
two-qubit rotations. For this purpose one should be able 
to address each of the electrons individually as well as to 
control the state of the pair, which requires the spatial 
separation of electrons and a tunable coupling between 



them. We studied the singlet-triplet splitting energy for 
the two-electron system with one electron localized in the 
dot and the other in the ring. We show that the angular 
momentum transitions, appearing for the ring-confined 
electrons as a consequence of the Aharonov-Bohm effect, 
lead to a simple piecewise linear dependence of the ex- 
change energy on the external magnetic field. Since the 
unitary evolution in quantum computation needs precise 
control of the underlying qubit interaction this simple 
dependence makes our system a good candidate for the 
realization of the magnetic field controllable pair of spin 
qubits. Recently, it has been established 31 - that the spin 
relaxation time in quantum dots defined by electric gates 
in two-dimensional electron gas is much longer than the 
qubit redout time in spin-to-charge conversion technique. 
This papers is organized as follows: in the next sec- 
tion the present approach is explained, the single elec- 
tron spectrum is described in Section III, the results for 
two and three electrons are given in Sections IV and V, 
respectively, and Section VI contains the summary and 
conclusions. 



II. THEORY 

We study two-dimensional iV-electron systems con- 
fined in circular potentials using the effective mass Hamil- 
tonian 
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where e is the dielectric constant, g* - the effective Lande 
factor, fj,B ~ the Bohr magneton, S z - the z component 
of the total spin, B - the magnetic field, and hi stands 
for the single-electron Hamiltonian, which written in the 
symmetric gauge A = (—By/2,Bx/2,0) has the form 



where hu>i and huj are the confinement energies of the 
dot and the ring respectively, and the radius of the ring 
R is determined by the sum of oscillator lengths for the 
dot and ring potential and the barrier thickness (b) ac- 
cording to formula R = y / 2h/mu>i + ^/2h/muj + b. This 
potential is parabolic within both the quantum dot and 
the quantum ring, Vq is the depth of the dot confinement 
with respect to the bottom of the quantum ring poten- 
tial. The confinement potential J3J) is shown in Fig. Q] 
for huji = 5 meV, Tluj — 10 meV, Vq = —5 meV and 
b = 30 run. A model potential parametrized similarly to 
Eq. IJ2J was used previously for the descriptio n 11 ! 1 ' 11 of 
side by side quantum dots. The cusp present in simple 
potentials of this type (cf. Fig. ^) is rather unphysical 
and cannot be realized in real structures, however this 
shortcoming is of secondary importance since the cusp 
appears in a region of space where the barrier potential 
is largest and the wave functions of the lowest energy 
levels are small. In the weak coupling limit (for large 
barrier thickness) approximate formulas for the dot- and 
ring- confined states as functions of the magnetic field 
can be given (see below). 

In the present paper the single-electron eigenfunctions 
for Hamiltonian (J2J and definite angular momentum are 
obtained numerically on a radial mesh of points using 
the finite-difference approach. Eigcnstates of the two- 
and three-electron Hamiltonian QJ are calculated using 
the standard configuration interaction method 3 ^ with a 
basis composed of Slater determinants built with single- 
electron wave functions. The Coulomb matrix elements 
are evaluated by a two-dimensional 26 numerical integra- 
tion. The few-electron states are described by the total 
spin S and angular momentum L quantum numbers. In 
this paper we discuss only the two- and three- electron 
states with nonpositive total angular momenta. We will 
therefore omit the minus sign for the angular momentum 
quantum number L. 
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with m* - the electron effective mass, l z - z-component 
angular momentum operator, uj c = eB/m* - the cy- 
clotron frequency and V(p) - the confinement potential. 
We adopt material parameters for GaAs, i.e., m* /mo = 
0.067, e = 12.9, and g* = -0.44. The last term of Eq. 
(1), i.e., the spin Zeeman splitting energy is independent 
of the distribution of electrons between the different parts 
of the system as well as of the Coulomb interaction en- 
ergy. Moreover, the value of the g* factor can be tuned by 
the admixtures of Al substituting GajS We have there- 
fore decided to neglect the Zeeman effect in most of the 
results presented in this paper (unless explicitly stated 
otherwise) . 

We model a strictly two-dimensional cylindrically sym- 
metric potential of a quantum dot placed within the 
quantum ring with the following confinement potential 

V(p) = mm(m*ufp 2 /2 + Vq, m*u? (p - R) 2 /2), (3) 



III. SINGLE-ELECTRON STATES 

The single-electron spectrum for fiuji = 6 meV, Tiuj = 
11 meV, Vq — and b = 30 nm is shown in Fig. Ufa). 
For this, relatively large barrier thickness, the low part 
of the energy spectrum is essentially a sum of the spec- 
tra of an electron localized in the dot and in the ring. 
The solid lines in Fig. ^correspond to states localized in 
the ring and dashed lines to s (lowest dashed line) and p 
states localized in the dot. The ring part of the spectrum 
exhibits Aharonov-Bohm oscillations. The angular mo- 
mentum of the lowest-energy ring-localized states takes 
on the subsequent values 0,-1,-2, etc. [in h units] when 
the magnetic field increases. The period of these oscilla- 
tions is 0.337 T. This period corresponds to a flux quan- 
tum passing through a strictly one-dimensional ring of 
radius R\d — 62.51 nm which is in good agreement with 
the radius of the ring in the present model R — 63.85 nm. 
The energy of the states localized in the dot change with 
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FIG. 1: Confinement potential (cf. Eq. [3J for huii — 5 meV, 
Tiluo = 10 meV, Vo = —5 meV, b = 30 nm and the GaAs 
effective mass m* /mo = 0.067. The dot oscillator length U = 
y /, 2h/muji is equal to 21.33 nm and the oscillator length for 
the ring l = 15.08 nm which gives the ring radius R = 66.4 



the magnetic field more slowly than the energy of the 
ring-localized states. States with the same angular mo- 
mentum change their order in anticrossings due to quan- 
tum mechanical tunnel coupling between the dot and the 
ring. Anticrossing for s states appears for B around 0.65 
T [see inset of Fig. 2(a)]. A much wider anticrossing for 
p states is visible around 2.4 T. 

Fig. |2fb) shows the confinement potential for the pa- 
rameters applied in Fig. |3[a) as well as the radial proba- 
bility densities for the lowest s- and p- symmetry states. 
The radial densities for the ring-localized states do not 
depend on the angular momentum. However, Fig. EJc) 
shows that the s-wave function penetrates the dot region 
in a much stronger way than the p-type wave function. It 
will have an important consequence for the singlet-triplet 
splitting of the two-electron states (see the next Section) . 
Note that the angular momentum has an opposite ef- 
fect on the strength of the tunnelling of the dot-localized 
states to the ring part of the potential. Barrier thickness 
is effectively smaller for the dot-localized states of higher 
angular momentum [cf. Fig. |2£b)]. 

The dependence of the energy of the lowest dot- 
localized state can be very well approximated by the ex- 
pression for the lowest Fock-Darwin state, i.e., Edot — 
Vo + \J{huji) 2 + (huj c /2)' 2 . Without the magnetic field the 
lowest energy ring-localized level is approximately equal 
to Tioj /2, i.e., to the energy of the single-dimensional 
harmonic oscillator in the radial direction. In the 
external field the envelope of the lowest-energy ring- 
localized level can be quite well approximated by E r i ng = 
y / (huj /2) 2 + (hu; c /2) 2 . These two formulas can be used 
in order to roughly determine whether the ground state 
of a single electron is localized in the dot or in the ring. 
For equal depth of the ring and the dot (Vo = 0) the mag- 



netic field does not change the order of the lowest-energy 
dot- and ring- confined states. However, for Vq = and 
lu w 2tOi the magnetic field can induce oscillations of 
the ground state localization from the dot to the ring, 
which results from the local deviations of the lowest ring- 
confined energy level from the smooth envelope [cf. Fig. 
|2Ja)] . On the other hand, the magnetic field favors local- 
ization in the deep but small (thin) quantum dot (ring). 
This effect is illustrated in the following figure. 

Fig. |3 shows the energy spectrum for a TiWi which is 
increased with respect to Fig. [21 from 6 to 20 meV and 
the bottom lowered by Vq = —14 meV. For B = the 
low-energy part of the spectrum is the same as in the 
case shown in Fig. j^a). However, the energy of the dot- 
localized state grows more slowly than the envelope of the 
ring-localized states. In consequence, the dot-localized 
state becomes the ground state for B = 3.3 T. When the 
radius of the Landau orbit becomes smaller than the size 
of the local potential cavity, the electron can enter inside 
the dot without an extra increase of the kinetic energy 
due to the localization. Similar effects of trapping of 
electrons in local potential cavities at high magnetic fields 
are probably at the origin of the bunching of the charging 
lines observed in single-electron capacitance spectroscopy 
of large quantum dots. 30 The opposite effect, i.e., the 
change of the ground-state localization from the dot to 
the ring under influence of the external magnetic field is 
also possible if the ring is thin but with a bottom deeper 
than the dot. 



IV. TWO ELECTRON SYSTEM 

For B = the ground state of the electron pair cor- 
responds to zero total spin and angular momentum in- 
dependently of the electron distribution between the two 
parts of the confinement potential. The electron distri- 
bution in the system can be illustrated by the charge 
accumulated within the dot. This quantity is calculated 
as the integral of the radial probability density from the 
origin to the cusp of the confinement potential (cf. Fig. 
1). Fig. 0Ja) shows the dependence of the charge accu- 
mulated within the dot as function of the ring oscillator 
energy for different barrier thickness, the dot confinement 
energy Tiuji — 6 meV and equal depth of the dot and ring 
(Vo = 0). For b = 30 nm the dependence of the charge 
accumulated in the dot on the ring confinement energy is 
almost stepwise and it becomes smoothened for thinner 
barriers for which the separation of electrons between the 
two parts of the system is less distinct. The transition of 
electrons between the ring and the dot can also be pro- 
voked by changing the relative depth of the confinement 
potentials for fixed oscillator energies. This is illustrated 
in the inset to Fig. 0Ja) which shows the charge accumu- 
lated within the dot as a function of Vq for the potential 
parameters Tiuji = 6 meV, huj — 20 meV, b = 30 nm, i.e., 
corresponding to the central plateau of the solid curve in 
the main part of Fig. ^a). 
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FIG. 2: (a) Single-electron spectrum for TiDi — 6 meV, Tuj =11 meV, Vo=0, and d=30 nm (7? = 63.85 nm). The solid 
lines correspond to states localized in the ring and the dashed lines to states localized in the dot. Lowest of the dashed 
lines corresponds to s state and the two higher to p states. Inset shows the low-field and low-energy part of the spectrum - 
enlargement of the fragment surrounded by thin solid lines corresponding to anticrossing of angular momentum dot- and 
ring- confined energy levels. Dotted line in (b) and (c) shows the confinement potential (left scale) for the parameters applied 
in (a). Solid and dashed curves in (b) show the radial probability density p\ip\ 2 and in (c) the wave functions of the lowest 
states of s and p symmetry, respectively. 
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FIG. 3: Single-electron spectrum for hun = 20 meV, huj = ll 
meV, Vb = — 14 meV, and d = 30 nm (potential is plotted in 
the inset). The solid lines correspond to states localized in the 
ring and the dashed line to the lowest-energy state localized 
in the dot. 



Fig. 0Jb) shows the phase diagram for the spatial dis- 
tribution of electrons in the two-electron system in the 
absence of the magnetic field for barrier thickness b = 30 
nm. Borders of regions corresponding to different elec- 
tron distributions are marked with solid lines. Above the 
dotted line the ground state of a single electron is local- 
ized in the dot and below it - in the ring. The dotted 



line can be very well approximated by uj = 2uji, which 
is in agreement with the approximate formulas for the 
lowest-energy dot- and ring- localized states given in the 
preceding section. In the noninteracting case this line 
would divide the regions in which both of the electrons 
are localized in the dot or in the well. In the presence 
of interaction a third region in which one of the elec- 
trons is localized in the dot and the other in the ring ap- 
pears. This region of electron distribution starts slightly 
above the dotted line. This results from the fact that the 
Coulomb interaction, smallest for both electrons local- 
ized in the ring, stabilizes the ring-confined ground state 
for larger Ticu than in the noninteracting case. The cen- 
tral region of the phase diagram for which one electron 
resides in the dot and the other in the ring is particu- 
larly interesting from the point of view of potential spin 
quantum gate applications. 6 

Let us now look at the magnetic field dependence of 
the two-electron energy spectrum for the potential pa- 
rameters corresponding to one electron in the dot and 
the other in the ring, i.e., for Vo = 0, b = 30 nm, TitOi = 6 
meV and Uui = 14 meV presented in Fig. Efa). For 
this potential the one-electron ground state is localized 
in the dot. The angular momentum of the lowest ex- 
cited ring-confined one-electron state is plotted with a 
dotted line (right scale). Comparison of this line with the 
ground state energy crossings in the two-electron spec- 
trum shows that the angular momentum transitions in 
the two-electron system are due to the Aharonov-Bohm 
effect for the electron confined within the ring. All the 
angular momentum of the system is therefore carried by 
the ring-confined electron while the electron confined in 
the dot remains in the s state. Singlet-triplet splitting of 
the ground state [cf. the distance between the dashed and 
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FIG. 4: (a) Charge accumulated in the dot as function of 7vjJ 
for different values of the barrier thickness and Vb=0. Inset 
in (a) shows the charge accumulated in the dot as function of 
Vo for b = 30 nm, hcji—6 meV and hui o =20 meV. (b) Phase 
diagram for the distribution of two electrons for B — 0, Vb=0 
and b = 30 nm. Solid lines in (b) divide regions of different 
electron localization in the two-electron system. Above the 
dotted line the ground state of a single electron is localized 
within the dot. 



solid lines in Fig. GJa)] disappears at larger angular mo- 
mentum. This effect can be understood if we look back 
at Fig. |2Ic) showing that the dot penetration of the ring- 
localized single-electron states decrease with their angu- 
lar momentum. In Fig. |SJa) above 14.9 meV the energy 
band corresponding to both electrons confined within the 
ring appears. Since in this band both ring-confined elec- 
trons are subject to the Aharonov-Bohm effect the an- 
gular momentum of the lowest state in the band grows 
roughly twicaSi as fast as in the ground-state. The energy 
levels of even L correspond to spin singlets and of odd 
L to triplets. Around 0.6 T we observe an anticrossing 
of L = 3 triplets corresponding to one and two electrons 
in the ring. The Zeeman effect [cf. Fig. E£b)] f° r large 
B lifts the ground-state degeneracy with respect to the 
spin. 

The energy difference between the lowest spin singlet 
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FIG. 5: (a) Two-electron energy spectrum (left scale) for 
b = 30 nm, Vo = 0, Tudi = 6 meV and Tiuj = 14 meV (spin 
Zeeman effect neglected) . Singlets (triplets) plotted with solid 
(dashed) lines. Numbers close to extrema of the lines denote 
the absolute values of the angular momentum in h units. The 
dotted line shows the absolute value of the angular momentum 
of the ground state of a single electron confined in the ring 
(right scale), (b) Same as (a) but with spin Zeeman effect 
included. Only the lowest energy level of the split spin triplet 
is plotted. 



and triplet states, i.e. the exchange energy^ - an im- 
portant quantity for the coupled spin qubit operations 
is also a very adequate measure of the strength of the 
tunnel coupling between the dot and the ring confined 
wave functions. Fig. [5] shows the exchange energy (Zee- 
man energy neglected) for different values of the barrier 
thickness for Vo = 0, %u>% = 6 meV and Tllo = 18 meV, 
i.e., for the central point of the plateau corresponding to 
one of the electrons localized in the dot [cf. Fig. EJa)]. 
The exchange energy is nearly independent of magnetic 
field when the lowest singlet and the lowest triplet possess 
the same angular momentum and it distinctly decreases 
(grows) with the magnetic field when the L of the low- 
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FIG. 6: Exchange energy, i.e., the energy difference of the 
lowest triplet and the lowest singlet energy levels for two elec- 
trons and Vb = 0, huii = 6 meV and Tiuj = 18 meV for differ- 
ent values of the barrier width and spin Zeeman splitting is 
neglected. The dash-dotted line shows the Zeeman splitting 
between states with S z — and h. 



FIG. 7: Energy spectrum of two electrons for b — 30 nm, 
Tiuii — 6 meV and Tioj — 26 meV (spin Zeeman effect ne- 
glected). The energy levels of states in which both (one) elec- 
trons are localized in the dot are plotted with dashed (solid) 
lines. The inset shows the ground state angular momentum. 
The dotted line corresponds to twice the lowest Landau level 
energy. 



est triplet is larger (smaller) than L of the lowest singlet. 
When the angular momentum of both singlet and triplet 
states exceed 2 the exchange energy vanishes. The ex- 
change energy is a piecewise linear function of the mag- 
netic field in contrast to smooth oscillatory dependence of 
the exchange interaction on the magnetic field for side- 
by-side dots (cf. Fig. 4 of Ref. [ n ]). In side-by-side 
dots the magnetic field induces a continuous decrease of 
the overlap of the wave functions of electrons confined in 
different dots. For the dot in the ring geometry this de- 
crease is discontinuous due to the Aharonov-Bohm effect 
for the ring confined electron. Since the Aharonov-Bohm 
magnetic period is inversely proportional to the square 
of the ring radius one can largely reduce the range of the 
magnetic field in which the exchange energy is nonzero 
by a mere increase of R. 

The magnetic field can change the distribution of the 
electrons between the coupled cavities. Consider the case 
of b = 30 nm, Vo = 0, Tiuji — 6 meV and Tuo = 26 meV. 
For these parameters in the absence of the magnetic field 
both electrons are localized within the dot [cf. Fig. Hfb)], 
but the state corresponding to one electron in the ring 
is close in energy. Fig. [7\ shows the magnetic field de- 
pendence of the two-electron energy spectrum for this 
potential. Energies of states corresponding to both elec- 
trons localized in the dot are plotted with dashed lines. 
The lower of these two energy levels is a spin singlet of s 
symmetry. The upper dashed line corresponds to a spin 
triplet of p symmetry, i.e., to the two-electron maximum 
density droplet <M Spin singlet of p-symmetry with both 
electrons localized in the dot lies higher in energy beyond 



the range presented in this figure. The energy levels plot- 
ted with solid lines correspond to one electron localized 
in the dot (in the lowest s state) and the other in the 
ring. For B = 1.44 T an avoided crossings appears for 
the L — 1 spin triplets. For B = 3.74 T the energy level 
of the dot localized state crosses the energy level of the 
state with L = 10 corresponding to one electron in the 
dot and the other in the ring. Note that below B = 3.74 
T in the ground-state the electrons are in the singlet state 
while above this field singlet and triplet states are nearly 
degenerate. Decoupling of spins, in the sense of van- 
ishing exchange energy appears abruptly after crossing 
B = 3.74 T. For B = 4.35 T a crossing of dot-localized 
singlet and triplet states appears. The dotted line shows 
twice the lowest Landau energy level. For B > 4 T the 
envelope of the energy levels with one electron in the dot 
and the other in the ring as well as the dot localized max- 
imum density droplet run approximately parallel to the 
lowest Landau level (dotted line). Fig. shows that the 
magnetic field can change the electron occupation of the 
dot and the ring. Generally, for Vq — such an effect is 
not observed for a single electron. The appearance of this 
effect for two electrons is due to lowering of the Coulomb 
interaction energy when one of the electrons is transferred 
from the dot to the ring. Recently, 35 it was shown that 
in the infinite magnetic field limit the ground-state elec- 
tron distribution can be identified with the lowest energy 
configuration of classical 3 ^ point charges. For Vq = the 
lowest-energy classical configuration corresponds to both 
electrons localized in the ring. One should therefore ex- 



pect that at higher magnetic fields the second electron 
should also be transferred to the ring. However, the mag- 
netic fields at which this effect could appear are beyond 
the reach of our numerical calculations. 




FIG. 8: Two-electron ground-state energy (left scale) for 
b = 30 nm, Vb = 0, huii = 6 meV and Tiu) = 13.65 meV (spin 
Zeeman effect neglected). Energy of states corresponding to 
one electron in the dot and the other in the ring plotted with 
solid line. Energy of states in which both the electrons are 
localized in the ring are plotted by the dotted curve. The thin 
solid step-like line gives the total angular momentum which 
is referred to the right axis. 

For Vo = 0, b — 30 nm, %u)i = 6 meV and huj = 13.65 
meV [the left end of the central plateau in the Fig. 0fb)] 
for B = one of the electrons is localized in the dot and 
the other in the ring, but the state with two electrons 
localized in the ring is not much higher in energy. Fig. [S] 
shows the ground state energy and the ground-state an- 
gular momentum as function of the magnetic field for this 
set of parameters. The state with one electron in the dot 
remains the ground state up to 1.6 T. Between B = 1.6 
T and B = 3.1 T the state with two electrons in the 
ring is almost degenerate with the state with one ring- 
confined electron and as a consequence the localization of 
the ground-state changes several times as the magnetic 
field is increased. Ground-state ring-localization becomes 
established above 3.1 T. The period of the angular mo- 
mentum transitions becomes halved with respect to the 
low magnetic fields, for which the ring is occupied by a 
single electron. 

The magnetic field can induce opposite transitions 
of the electrons from the ring to the dot if the dot is 
small but deep. Consider the following set of parameters 
TiLUi = 50 meV, hoj = 6 meV, b = 20 nm, and Vo = —66 
meV. Fig. [§] shows the confinement potential and the 
radial probability density for the lowest two-electron sin- 
glet states with total angular momentum equal 0. For 
zero magnetic field in the ground-state one electron is 
localized in the ring and the other one in the dot. In 
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FIG. 9: Solid line (left scale): the external potential foun — 50 
meV and Tiui — 6 meV, b — 20 nm, Vb = —66 meV. The 
ground state for B — corresponds to the L = singlet with 
one electron in the dot and the other in the ring. Radial 
density of this state plotted with dotted line (right scale). 
The first excited s singlet state corresponds to both electrons 
in the dot (dashed line) . 
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FIG. 10: Two-electron energy spectrum for the potential pa- 
rameters of Fig. [5] Dotted lines show the energy levels of s 
singlets. The dashed line corresponds to the s triplet. 



the first excited s singlet state both the electrons reside 
within the dot. Note that in this case the ground state 
is more extended than the excited state as a consequence 
of the electron-electron interaction preventing the second 
electron from entering the dot. The magnetic field energy 
dependence is displayed in Fig. ^| The magnetic field 
has only a small influence on the energy of the singlet 
with both electrons localized in the dot. Around B = 2 



T singlets corresponding to different electron distribution 
change their energy order with a pronounced anticross- 
ing. For B — 5.725 T the dot-localized singlet becomes 
the ground state. In this structure the Aharonov-Bohm 
oscillations are interrupted by the magnetic field which 
removes the second electron from the ring. As a conse- 
quence a giant singlet-triplet energy difference appears 
for B > 5.725 T. This transition appears in spite of the 
Coulomb interaction energy which is increased when the 
second electron is trapped in the central cavity. 



V. THREE ELECTRONS 

Distribution of electrons in the three electron system 
without the magnetic field for Vo = and b — 30 nm 
is plotted in Fig. ^] Regions of different electron dis- 
tribution are separated by the solid lines. For large dot 
confinement energy, i.e., Ui » uj all the electrons reside 
in the ring and the ground state corresponds to total spin 
S = 3/2 and zero2£ angular momentum. In the single- 
particle picture this state corresponds to electrons having 
parallel spin and occupying states with angular momen- 
tum I = —1,0, and 1 (in h units). For increasing ring 
confinement the electrons enter the dot one by one. In 
states with two electrons of opposite spins occupying the 
dot or the ring (cf. two central regions in Fig. Ill|) the 
ground state corresponds to S — 1/2 and L = 0. When 
the ring confinement energy is much larger (5 times or 
more) than the dot confinement all the electrons occupy 
the lowest dot-confined energy levels forming the state of 
spin S = 1/2 and angular momentum L = 1. 
200, 1 — 
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FIG. 11: Phase diagram for the electron distribution in the 
(hwi, fiujo) plane for Vo = and b = 30 nm in the absence 
of the magnetic field. Solid lines separate regions of different 
electron distributions. Numbers denote the ground-state total 
spin and total angular momentum quantum number (S, L). 
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FIG. 12: Energy spectrum for N = 3, V = 0, b = 30 
nm, hu>i = 6 meV and hu — 37 meV. The solid (dashed) 
lines show the lowest energy levels with the two dot-confined 
electrons electrons with 5* = 1/2 and opposite (5=3/2 and 
the same) spin and one electron in the ring. The states with 
the two dot-confined electrons of parallel spins are almost 
degenerate with respect to the spin orientation of the electron 
in the ring. The only exception is the state with L — 2. The 
lower of the dash-dotted line shows this state for S = 1/2 
and the upper for S — 3/2. Dotted lines correspond to all 
electrons confined in the dot. Quantum numbers (L, S) of 
these states are indicated in the figure. Only non-positive 
angular momenta are shown. Thick solid line in the lower part 
of the figure shows the the ground-state angular momentum 
quantum number (right scale). The panel above the upper 
axis shows the number of electrons in the dot rid and S for 
the ground state in format 7id{S), 'deg' stands for degeneracy 
of the S = 1/2 and 3/2 states. 



In the preceding section we showed that for equal depth 
of the ring and the dot (Vo = 0) the electron-electron in- 
teraction triggered the magnetic-field-induced transitions 
of electrons from the dot to the ring. We found that in the 
three-electron system the magnetic field can also induce 
the opposite transition from the ring to the dot. This is 
illustrated in Fig. 1121 which shows the energy spectrum 
for Vo = 0, b = 30 nm, ?iu>i = 6 meV and huj = 37 
meV. Solid lines in Fig. 1121 show the energy levels cor- 
responding to two electrons of opposite spins in the dot 
and one electron confined in the ring. All these states 
have S — 1/2. Dashed lines correspond to spin-polarized 
states with S = 3/2 in which the two dot-confined elec- 
trons occupy the Is and lp states. Energy levels corre- 
sponding to three electrons localized in the dot are shown 
by dotted curves. Quantum numbers of the dot-confined 
states are given in the figure. Thick solid step-like line 
at the bottom of the figure shows the absolute value of 
the ground-state angular momentum which is referred 
to the right axis. At B = the energy of the state in 
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FIG. 13: Ground-state energy (left scale) and the absolute 
value of the ground-state angular momentum (right scale) for 
N = 3, Vo — 0, b — 30 nm, TiuJi = 6 meV and Tilu — 27 meV. 
The dotted vertical line marks the magnetic field for which the 
electron distribution is changed. The vertical arrows on the 
L staircase correspond to triplet state of the ring subsystem. 



which all three electrons are localized in the dot with 
L = 1 is 1 meV higher in energy (cf. dotted line above 
42 meV) above the ground state with two electrons in 
the dot and one in the ring. This energy level decreases 
initially with increasing magnetic field due to the interac- 
tion of the magnetic field with the magnetic momentum 
of the p electron. This decrease results in an anticross- 
ing of the L — 1 energy levels corresponding to two and 
three dot-confined electrons around B = 1 T. Another 
consequence of this anticrossing is a visibly increased re- 
gion of L = 1 ground state stability between 0.15 and 
0.7 T. Subsequently for B = 1.7 T the state with three 
electrons in the dot and L — 1 becomes the ground state. 
The transition of the third electron from the ring to the 
dot happens in spite of the electron-electron interaction 
which is not strong enough to prevent it. 

For B = the energy of the lowest spin polarized state 
(cf. dashed lines) with L = 1 is equal to about 44.25 
meV. In this state the two electrons confined in the dot 
have the same spin and occupy Is and lp energy levels, 
while the ring-confined electron occupy the orbital with 
/ = 0. Note that level crossings appear at the same mag- 
netic fields as in the lower branch with 5 — 1/2 where 
two electrons are in the Is orbital confined in the dot 
(cf. solid lines in the Fig. 13). Angular momentum 
quantum number of these states is equal to the ring con- 
fined electron plus 1 - the angular momentum of the 
dot-confined subsystem. For the adopted large barrier 
thickness b = 30 nm the states of this band with 5 = 3/2 
are almost degenerate with 5=1/2 states (omitted in 
the figure), i.e., the energy of the system is not influenced 
by the orientation of the spin of the ring-confined elec- 



tron. The only exception appears for the L = 2 state. 
The lower (upper) dashed-dotted line shows the energy 
of the state with L = 2 and 5 = 1/2 (3/2). The rea- 
son of the lifted degeneracy is the fact that the energy 
of the state with L = 2 and 5 = 1/2 is pushed down- 
ward by the anticrossing with the dot-confined state of 
the same quantum numbers, similarly as the above dis- 
cussed L = 1, 5 = 1/2 energy level in the lower part of 
the spectrum. 

The angular momentum of the ground state with three- 
electrons confined in the dot changes from to 1 at B = 
4.3 T (cf. the crossing of the dotted lines). Above 4.5 
T the ground state corresponds again to two electrons in 
the dot and one in the ring like for B = T, but now the 
dot-confined subsystem is spin-polarized (cf. the crossing 
of the dashed and dotted lines). 

Fig. ED shows the ground-state energy for the same 
parameters as studied in Fig. 1121 but with the ring con- 
finement energy reduced from 37 to 27 meV. At B = the 
ground state still corresponds to two electrons in the dot 
and one in the ring, but the state with two ring-confined 
electrons is higher in energy by less than 1 meV. The en- 
velope of the lowest energy level with one electron in the 
ring grows with the magnetic field faster than the enve- 
lope of the energy levels with two ring-confined electrons 
which results in the change of the ground-state electron 
distribution at B = 2.75 T. The dotted line in Fig. 021 
marks the change in the electron distribution. At left 
of this line the ground state has 5 = 1/2, the two dot- 
confined electrons are in the spin singlet and the spin of 
the ring confined electron is arbitrary. At the right of 
this line the spin-configuration of the ring-confined sub- 
system oscillates from singlet (for even L) to triplet (for 
odd L) [cf. also the branch of ring confined electrons 
in Fig. 5(a)]. The magnetic fields for which the ring 
subsystem is in the triplet state have been marked by 
vertical arrows on the angular momentum staircase. The 
states with spin singlet of the ring subsystem correspond 
to 5 = 1/2. Since the angular momenta of both ring- 
confined electrons exceed 6 the tunnel coupling between 
the dot and ring wave functions is negligible [cf. Fig. 
8] and the spin of the dot confined electron does not 
influence the energy. Therefore, the states with triplet 
configuration of spins in the ring subsystem correspond 
to 5 — 1/2 and 5 = 3/2 degeneracy. 

The envelope of the lowest N = 3 energy levels with 
three electrons and two electrons in the ring run almost 
parallel to each other as function of the external field. 
One should expect that for equal depth of the ring and 
the dot at very large magnetic field the three-electron 
ground state corresponds to electrons forming an equi- 
lateral triangle in the ring, but in the studied magnetic 
field range we did not observe a distinct transition of the 
last electron from the dot to the ring. 
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VI. SUMMARY AND CONCLUSIONS 

We have considered a quantum dot inside a quantum 
ring - a unique example of lateral coupling realized with 
conservation of circular symmetry of the confinement po- 
tential. A simple model for the potential was used. The 
model assumes parabolic confinement in both the dot 
and the ring so approximate formulas can be given for 
the lowest-energy single-electron dot- and ring- confined 
states. One-, two- and three-electron systems were stud- 
ied using the exact diagonalization approach. We have 
investigated the distribution of electrons between the dot 
and the ring. This distribution depends not only on the 
parameters of the confinement potential but it can also 
be altered by an external magnetic field, which therefore 
can be used as a driving force to transfer the electrons 
from the dot to the ring or vice versa. The passage of an 
electron from the dot to the ring should be detectable by 
a change of the Aharonov-Bohm magnetic period. The 
present model allows also for simulation of the magnetic 



field induced electron trapping in local potential cavi- 
ties. We have studied the exchange energy in the two 
electron system with one electron confined in the dot 
and the other in the ring. Due to the angular momen- 
tum transitions resulting from the Aharonov-Bohm effect 
for the ring-confined electron, the singlet-triplet splitting 
exhibits a piecewise linear dependence on the external 
magnetic field. This should be a more elegant method 
for the control of the spin-spin coupling than the smooth 
oscillatory dependence predicted for side-by-side coupled 
dotsii 
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